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a b s t r a c t
In this paper, we find exact solutions of a more general form to the equations of motion of
a second-grade fluid in two dimensions. We assume Riabouchinsky type flows. A modified
solution methodology is given here to better handle such type of flows. It is also shown
that our approach has some advantages over the existing approaches.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Exact solutions to the Navier–Stokes equations are difficult to obtain due to the non-linearity of these equations and the
inapplicability of the superposition principle to non-linear partial differential equations (cf. [1] and the references therein).
For this reason, inverse methods described in [2] have become attractive in the study of non-Newtonian fluids. In these
methods, solutions are chosen in advance by assuming certain physical or geometrical properties of the flow field (cf. [3–5]).
In the case of Riabouchinsky flow [6] in which streamfunction is written as a sum of two functions of the independent
variables, the Navier–Stokes equations are reduced to a coupled set of two ordinary differential equations in two unknown
functions of a single independent variable.
The traditional inverse approach is used to solve the resulting coupled set of ordinary differential equations. However,
this approach suffers from some limitations including its dependence on the prior knowledge of the particular solutions of
one of the equations, in addition to the presence of a number of arbitrary constants, in the solutions, whose determination
depends on conditions and restrictive assumptions on the flow, [1]. Other disadvantages will be discussed later. Hamdan
in [1] offered a different approach to overcome some of the above limitations. While the approach in [1] was successfully
implemented in the study of creeping flow of a second-grade fluid [7], it may not be easily implemented in the study of a
more general second-grade fluid flow.
In this work, we review the traditional as well as the modified different approach offered in [1] and discuss their
limitations when the more general flow of a second-grade fluid is considered. We then offer a methodology that has
advantages over these approaches and is capable of handling the resulting coupled ordinary differential equations when
the streamfunction is written in a more general form involving the sum of functions of the two independent variables.
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2. Compatibility equation
The steady plane flow of a viscous incompressible second grade fluid, neglecting thermal effects and body forces, is
governed by
divV = 0 (1)
divT = ρ (2)
where V is the velocity vector, T is the Cauchy stress tensor which describes the second-grade fluid in [8] as
T = −pI + µA1 + α1A2 + α2A21, (3)
A1 = (gradV )+ (gradV )T , (4)
A2 =
·
A1+(gradV )A1 + A1(gradV )T . (5)
Here p is the fluid pressure function, ρ the constant fluid density,µ the coefficient of viscosity and α1, α2 the normal stress
moduli. Considering the flow to be plane, we take V = (u(x, y), v(x, y)) and p = p(x, y) so that the flow equations (1)–(5)
take the form:
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where u(x, y), v(x, y) are the velocity components. Introducing the streamfunction ψ = ψ(x, y) such that
u = ∂ψ
∂y
, v = −∂ψ
∂x
(9)
then substitution of Eq. (9) into Eqs. (7) and (8), and subsequently eliminating the pressure terms, we obtain [9], for creeping
flow,
µ∇4ψ = α1

∂(ψ,∇4ψ)
∂(x, y)

, (10)
where α1 > 0. Having obtained a solution of Eq. (10) the velocity components are given by Eq. (9) and the pressure can
be found by integrating the linear momentum equations (7) and (8). We will obtain solutions to Eq. (10) using the inverse
technique [4].
3. Exact solutions of a more general form
There exist noninvariant exact solutions with incompletely separated variables
ψ(x, y) = xF(z)+ G(z); z = y+ kx (11)
where the functions F = F(z) and G = G(z) are arbitrary functions of z. It is thus required to find F(z) and G(z) such that
ψ(x, y) given by Eq. (9) satisfies Eq. (10). The functions F = F(z) and G = G(z) are found from the following coupled set of
fifth-order ordinary differential equations:
µ(k2 + 1)F iv(z) = α1(k2 + 1)[F v(z)F(z)− F iv(z)F ′(z)], (12)
µ[(k2 + 1)Giv(z)+ 4kF ′′′(z)] = α1[(k2 + 1){Gv(z)F(z)− F iv(z)G′(z)} + 4kF(z)F iv(z)]. (13)
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We will try to find ψ(x, y), in the absence of general solutions for Eqs. (12) and (13) in accordance with the following
algorithm.
(1) Find a particular solution for F(z) satisfying Eq. (12).
(2) Substitute this solution in Eq. (13) and find a general solution for G(z).
(3) Substitute the above solutions in Eq. (11) to find ψ(x, y).
It is not difficult to verify that Eq. (12) has the particular solutions:
F(z) = A(z + a)r , (r = 0, 1, 2, 3) (14)
F(z) = ae−λz − µ
λα1
(15)
where a, A and λ are arbitrary constants. Now we will find solutions of Eq. (13) corresponding to particular solutions of
Eq. (12), given by Eqs. (14) and (15).
When F(z) = A(z + a)r , for r = 0, 1, 2, 3, Eq. (13) yields:
µ[(k2 + 1)Giv(z)+ 4kr(r − 1)(r − 2)(z + a)r−3] = α1(k2 + 1)A(z + a)rGv(z). (16)
Eq. (16) is reduced by the change of variable V (z) = Giv(z) to the first order equation
V ′z(z)−
µ
α1A(z + a)r V (z) =
4kr(r − 1)(r − 2)
α1(k2 + 1)(z + a)3 . (17)
Now, we will solve Eq. (17) and hence Eq. (16) for different values of r .
For r = 1 Eq. (17) becomes
V ′z(z)−
µ
α1A(z + a)r V (z) = 0. (18)
The solution of Eq. (18) is
V (z) = c1(z + a)
µ
α1A , (19)
therefore, the solution of Eq. (16) is
G(z) = c1 (z + a)
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2
2
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and the corresponding streamfunction is
ψ(x, y) = A(z + a)x+ c1 (z + a)
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z3
6
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2
2
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where m = µ/(α1A) + 1 (m ≠ 0,−1,−2,−3) and ci (i = 1, 2, 3, 4, 5) are arbitrary constants. If we take k = 0, then
Eq. (21) exactly matches with the result in [7].
Eq. (17) for r = 0, 2, 3; r ≠ 1 is linear and its solution can be written as
V (z) = 4kµr(r − 1)(r − 2)
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
µ(z + a)1−r
α1A(1− r)

×
∫
1
(z + a)3 exp
−µ(z + a)1−r
α1A(1− r)

dz + 1
c1
exp

µ(z + a)1−r
α1A(1− r)

(22)
therefore
Giv(z) = 4kµr(r − 1)(r − 2)
α1(k2 + 1) exp

µ(z + a)1−r
α1A(1− r)

×
∫
1
(z + a)3 exp
−µ(z + a)1−r
α1A(1− r)

dz + 1
c1
exp

µ(z + a)1−r
α1A(1− r)

. (23)
The solution of Eq. (23) and hence Eq. (16) is
G(z) = 4kµr(r − 1)(r − 2)
α1(k2 + 1)
∫∫∫∫
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where
φ(z) =
∫
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
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and the corresponding streamfunction is
ψ(x, y) = A(z + a)rx+ 4kµr(r − 1)(r − 2)
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where ci (i = 1, 2, 3, 4, 5) are arbitrary constants and r = 0, 2, 3; r ≠ 1. If we take k = 0, then Eq. (26) reduces to the
result obtained in [7]. Here, we cannot find ψ(x, y) for r = 2, and 3 in closed form, as in the case of r = 0.
When r = 0 then Eq. (26) becomes:
ψ(x, y) = Ax+
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where ci (i = 1, 2, 3, 4, 5) are arbitrary constants. If we take k = 0 then Eq. (27) is same to the result obtained in [7] for
r = 0. When F(z) = a exp(−λz)− µ/(λα1), then Eq. (13) takes the form:
µ[(k2 + 1)Giv(z)− 4kaλ3e−λz] = α1(k2 + 1)
[
ae−λz − µ
λα1

Gv(z)− aλ4e−λzG′(z)
]
+ 4kaα1λ4

ae−λz − µ
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
e−λz . (28)
The order of autonomous Eq. (28) can be reduced by one. As a special case if we take a = 0, then case 2 recovered.
It is clear that Eq. (28) is hard to solvewith the traditional approach. However, in themodified approach, discussed below,
we will assume the form of G(z) and recover the solutions that satisfy Eqs. (12) and (13).
Clearly, the above algorithm has the following disadvantages as discussed in [1].
(1) The approach is dependent on one’s ability to find particular solutions for F(z) satisfying Eq. (12). Furthermore, the given
solutions obtained are the only solutions possible using this approach.
(2) The solutions obtained using the above approach involve a number of arbitrary constants, and an equal number of
restrictive assumptions are required to determine them. It is also clear that determining G(z) is not an easy task, and
the integrals are rather involved.
The special form of the streamfunction: ψ(x, y) = xF(y) can be obtained by letting G(z) = 0 and k = 0, (see [9]).
4. Modified approach
We now give a brief description on an approach, developed in [1], which has advantages over the above algorithm. We
then apply it to solve Eqs. (12) and (13).
(1) Choose the form of the function G(z).
(2) Substitute the chosen expression for G(z) in Eq. (13). This yields an ordinary differential equation for F(z).
(3) Substitute the particular solutions of F(z) that satisfy Eq. (12), (namely, expressions (14) and (15)), in the differential
equation for F(z) obtained in Step 2, above.
(4) Determine the arbitrary parameters that are involved in Step 3.
The above modified algorithm is illustrated in what follows.
Let G(z) = B(z + a)s, where a, s and B. are arbitrary constants. Substituting G(z) in Eq. (13), we obtain the following
ordinary differential equation for F(z)
µ[(k2 + 1)s(s− 1)(s− 2)(s− 3)B(z + a)s−4 + 4kF ′′′(z)]
= α1[(k2 + 1){F(z)s(s− 1)(s− 2)(s− 3)(s− 4)B(z + a)s−5 − F iv(z)sB(z + a)s−1} + 4kF(z)F iv(z)]. (29)
Eq. (29) is non-linear and solving it for F(z) is not an easy task. However, when k = 0, Ali and Mahmood-ul-Hassan [7]
obtained its solutions usingHamdan’s approach [1] inwhich the ordinary differential equation for F(z), resulting fromStep 2,
above, is solved and the obtained solution substituted in Eq. (12) to determine the arbitrary constants. Due to the difficulty
of solving Eq. (29) for F(z), we will follow Step (1) through (4) of the above algorithm.
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Using F(z) = A(z + a)r , (r = 0, 1, 2, 3) in Eq. (29) gives:
µ[(k2 + 1)s(s− 1)(s− 2)(s− 3)B(z + a)s−4 + 4kr(r − 1)(r − 2)A(z + a)r−3]
= α1[(k2 + 1){s(s− 1)(s− 2)(s− 3)(s− 4)AB(z + a)r+s−5 + rs(r − 1)(r − 2)(r − 3)AB(z + a)r+s−5}
+ 4kr(r − 1)(r − 2)(r − 3)A2(z + a)2r−4]. (30)
We will now adjust arbitrary constants in Eq. (30) for which Eq. (30) is identically satisfied. We discuss all possible cases as
follows:
First we fixed s = 1, 2, 3, then Eq. (30) is identical for r = 0, 1, 2, so we have
F(z) = A(z + a)r (31)
G(z) = B(z + a)s (32)
and the corresponding streamfunctions ψ(x, y) are
ψ(x, y) = A(z + a)rx+ B(z + a)s. (33)
For these fixed swe have A = 0 for r = 3, and trivial solutions for r > 3
First fixed s = 0, then Eq. (30) is identical for r = 0, 1, 2, and the corresponding streamfunctions are
ψ(x, y) = A(z + a)rx+ B (34)
and (34) reduces to ψ(x, y) = B for r = 3. Note that for r ≠ 3, we have A = −µ/α1 and r = 2 to satisfy Eq. (30).
For fixed s = 4, we have B = 0 for r = 0, 1, 2 and the corresponding streamfunctions are
ψ(x, y) = A(z + a)rx. (35)
We have a trivial solution for r ≠ 0, 1, 2.
In this case, firstwe fixed r = 0, 1, 2, thenwewill discuss subcases for different values of s forwhich Eq. (30) is identically
satisfied.
Case 7.1. Eq. (30) is identical for s = 0, 1, 2, 3.We thus have F(z) = A(z+a)r andG(z) = B(z+a)s and the corresponding
streamfunctions are
ψ(x, y) = A(z + a)rx+ B(z + a)s. (36)
Case 7.2. For s = 4, we have B = 0 and the corresponding streamfunction is
ψ(x, y) = A(z + a)rx.
Case 7.3. If we take s ≠ 4, then Eq. (30) becomes an identity for A = µ/(α1(s − 4)) and r = 1. The corresponding
streamfunctions are
ψ(x, y) = µ
α1(s− 4) (z + a)x+ B(z + a)
s. (37)
For r = 3 and s ≠ 0, 1, 2, 3, 4, we have a trivial solution.
Let G(z) = a1+ a2 exp(nz), where a1 and a2 are unknown constants and n is an arbitrary constant. Substituting this G(z)
in Eq. (13), we obtain the following non-linear ordinary differential equation for F(z)
µ[(k2 + 1)a2n4enz + 4kF ′′′(z)]
= α1[(k2 + 1){a2n5enzF(z)− F iv(z)a2nenz} + 4kF(z)F iv(z)]. (38)
Using F(z) = a exp(−λz)− µ/(λα1), in Eq. (38) and adjusting the constants, we get:
F(z) = − µ
λα1
, (39)
G(z) = a1 + a2e−λz . (40)
The corresponding streamfunction ψ(x, y) is
ψ(x, y) = − µ
λα1
x+ a1 + a2e−λz . (41)
This form of solution contains no arbitrary constants. The expression obtained for the streamfunction is a particular solution
that corresponds to a particular solution of Eq. (12).
5. Conclusions
In this work, we offered the traditional solutionmethodology of the equations ofmotion for second grade fluid flow, then
offered a modification to this solution methodology when the streamfunction is of the form ψ(x, y) = F(z)x + G(z). The
proposed modification has the following advantages.
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(1) The number of arbitrary constants arising when using the proposed method is either considerably less than that in the
normal approach or no constant. Hence, many of the restrictive assumptions in assigning values to arbitrary constants
are no longer needed.
(2) In this work, the integrals are not involved.
(3) Due to the difficulty in solving the resulting coupled ordinary differential equations, assuming the forms of the solutions
for F(z) and G(z) seems to be a viable alternative.
(4) While Hamdan’s approach [1] works well for the Navier–Stokes equations, and has been shown to work well for a non-
Newtonian fluid with k = 0, [7], the difficulty of solving Eq. (29) hinders its implementation when k is nonzero.
It should be noted that:
(1) The current approach is also valid when the streamfunction is of the form zF(x)+ G(x), where z = kx+ y. This form of
streamfunction is of the basic structure: yF(x)+ H(x), where H(x) = G(x)+ kxF(x).
(2) The results obtained in [7] using Hamdan’s approach [1] can be reproduced using the current approach by taking k = 0.
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